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Axion monodromy is a generic phenomenon in string compactifications. We investigate the pro-
duction of gravitational-wave background from axion monodromy inflation during preheating. By
performing lattice simulations using pseudo-spectral methods, we find that significant single-peak
stochastic gravitational-wave backgrounds are generated during preheating for asymptotic linear
|φ| and φ2/3 potentials in axion monodromy inflation and cuspy potentials. This may allow us to
explore string compactifications through gravitational waves.
I. INTRODUCTION
In string compactifications, axions arise from integrat-
ing gauge potentials over nontrivial cycles [1–3]. The
introduction of monodromy, a generic phenomenon in
string compactifications, extends the field range of indi-
vidual closed-string axions to super-Planck scale. A lin-
ear potential for the canonically normalized axion field is
induced by axion monodromy introduced by space-filling
wrapped five-branes [4], and an asymptotic φ2/3 poten-
tial for the canonically normalized field φ is induced by
using a monodromy of wrapped branes on nil manifolds
which contain tori twisted over circles [5]. As a nartural
realization of large field chaotic inflation in string theory,
axion monodromy model can still fit the constraints on
tensor-to-scalar ratio and tilt of the scalar power spec-
trum using cosmic microwave background (CMB) from
Planck [6].
It is interesting and worthy to probe the string com-
pactifications by means of axion monodromy inflation.
One way is to study the possible phenomenological con-
sequences of the dynamics in reheating after inflation,
including production of oscillons and emission of grav-
itational waves. For the asymptotic linear potential
case, the osillons formation and gravitational waves back-
ground production have been studied in analytical and
numerical methods [7, 8]. If ignoring the small field
region behaviours, axion monodromy inflation leads to
cuspy linear and fractional power potentials, in case
of which the productions of oscillons and gravitational
waves background are also investigated [9, 10]. But in
string axion monodromy, both the asymptotic linear |φ|
and φ2/3 potentials are smooth around φ = 0 in [4, 5].
The goal of this paper is to study the gravitational
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waves emission during preheating in axion monodromy
inflation model via lattice simulation. Roughly speak-
ing, two popular methods have been developed to simu-
late the dynamics of preheating. The first one is based on
LATTICEEASY [11], in which the ordinary differential
equation of scalar field is solved using staggered leapfrog
algorithm and the spatial derivatives of the scalar field
are computed using finite differencing method, i.e. com-
puting approximations to a derivative by subtracting
neighboring-point values and then dividing by some mul-
tiple of the grid spacing. The other method is based on
PSpectRe [12], in which the equation of scalar field is
solved using Fourier-space pseudo-spectral method. The
potential and its derivatives are calculated by first con-
verting the fields into their position-space representation,
performing the necessary multiplications, and then tak-
ing the inverse transform. The spatial derivatives in
pseudo-spectral methods are taken by multiplying the
corresponding Fourier component by the wavenumber,
therefore the pseudo-spectral methods are free of differ-
encing noise and provide more accurate results. It implies
that PSpectRe will provide more accurate simulations
than LATTICEEASY.
In this paper, we simulate the production of gravita-
tional waves during preheating from axion monodromy
inflation. We perform lattice simulations using Fourier-
space pseudo-spectral method to revisit the production
of gravitational waves for the asymptotic linear potential
and calculate the result for the asymptotic φ2/3 potential.
We also adopt PSpectRe to calculate the productions of
gravitational waves for the cuspy potentials which were
simulated using finite differencing method in [9, 10], and
find that the right peaks of gravitational-wave spectra
given in [9, 10] do not show up. The rest of this paper
is organized as follows. In Section II, we introduce our
method. Our results for the asymptotic |φ| and φ2/3 po-
tentials are described in Section III and IV, respectively.
Section V is the summary.
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2II. METHOD
The strong growth of field perturbations during pre-
heating makes it a non-linear process. We use lattice
simulation to study the non-perturbative evolution of the
inflaton field in an expanding universe. The following
equations are solved on a discrete spacetime lattice
φ¨ + 3Hφ˙ − 1
a2
∇2φ + ∂V
∂φ
= 0 , (1)
H2 =
1
3M2pl
(
V +
1
2
φ˙2 +
1
2a2
|∇φ|2
)
, (2)
where Mpl = 1/
√
8piG is the reduced Planck mass. The
initial values of the inflaton field φi and its derivative
φ˙i are determined by solving the differential equations
for the background evolution. The initial fluctuations of
the inflaton field and its derivative are given by quantum
vacuum fluctuations.
To calculate the gravitational-wave background during
preheating, the evolution of the transverse and traceless
(TT) part of metric perturbation is computed in the sim-
ulation. The equation of gravitational wave is given by
h¨ij + 3Hh˙ij − 1
a2
∇2hij = 2
M2pla
2
Πij , (3)
where the Πij is the TT part of the anisotropic stress of
the scalar field
Πij = [∂iφ∂jφ]
TT
. (4)
The energy density of the gravitational wave takes the
form
ρGW(t) =
M2pl
4
〈
h˙ij(x, t)h˙ij(x, t)
〉
V
, (5)
where 〈...〉V denotes the spatially average over a suffi-
ciently large volume. Finally, the spectrum of gravita-
tional wave per logarithmic momentum interval is given
by
ΩGW(k) =
1
ρc
d ρGW
d lnk
, (6)
where ρc is the critical density of the Universe. Provided
that at the end of simulation, the Universe instantly re-
heats and all energy is immediately converted into radi-
ation, we can convert the spectrum of gravitational wave
to present observable values.
Our code is based on the publicly available PSpectRe
[12], which uses Fourier-space pseudo-spectral method
to simulate the evolution of scalar field in an expand-
ing universe. We extend PSpectRe to solve equation of
metric perturbation in Eq. (3) using pseudo-spectral al-
gorithm [13], and calculate the gravitational-wave spec-
trum. Both of the scalar field and metric perturbation
evolutions are computed in fourth-order-in-time Runge-
Kutta integration scheme. Our simulations are per-
formed on a 2563 lattice.
III. ASYMPTOTIC LINEAR POTENTIAL
In axion monodromy model [4, 5], the asymptotic lin-
ear potential is described by the following Lagrangian
L(φ) = − (∂φ)
2
2
−m2M2
[(
1 +
φ2
M2
)1/2
− 1
]
. (7)
The potential term goes like V (φ) = m2φ2/2 for
|φ|/M  1, and V (φ) = m2M |φ| for |φ|/M  1 (see
Fig. 1), satisfying the “open up” condition of oscillon for-
mation [14, 15]. Self resonance following inflation leads
to copious oscillon generation and an oscillon-dominated
phase [7], and gravitational waves are significantly pro-
duced when oscillons are formed [8]. In the limit of
M/Mpl  1, the potential in Eq. (7) is reduced to a
cuspy form,
V (φ) = λ1M
3
pl|φ|. (8)
In this section we consider the potentials in Eq. (7) and
(8), respectively.
V(ϕ)
FIG. 1. Asymptotic linear potential in axion monodromy
(blue) and cuspy linear potential (orange).
In our lattice simulations, parameters in asymptotic
linear potential are m = 1.0 × 10−5Mpl and M =
0.01Mpl, and the coupling in cuspy linear potential is
λ1 = 1.0× 10−12, and hence the potential terms in large
field region are the same in these two models (axion mon-
odromy in Eq. (7) and cuspy potential in Eq. (8)). The
initial values of inflaton field and its derivative are de-
termined to be φi = 0.5Mpl and φ˙i = −6.0 × 10−7M2pl
for both models, via evolving the background scaler field
from slow-roll region. Since the present amplitude of
GWs is independent on the energy scale of inflation, and
the present peak frequency is proportional to the energy
scale of inflation [16, 17], we rescale the model parameters
to match the sensitive frequency of LIGO.
Our results are illustrated in Fig. 2. The blue solid
curve is the present gravitational wave spectrum for the
asymptotic linear potential in axion monodromy model
with parameter m rescaled to m = 1.14×10−19Mpl. The
orange solid curve is the present gravitational wave spec-
trum for the cuspy linear potential with parameter λ1
3rescaled to λ1 = 1.3 × 10−40. Comparing to the result
(orange dotted curve) in [9] with the same parameters,
but simulated using LATTICEEASY, our result roughly
recovers the left peak in [9], but there is no right peak in
our simulation by adopting PSpectRe. Actually the right
peak in [9] is induced by the large-k modes, or equiva-
lently the fluctuations in the small scales, and it might
be sensitive to the differencing noise. In principle, the
PSpectRe is supposed to be free of differencing noise and
provide more accurate results.
Axion monodromy
Cuspy V(ϕ)∼ϕ (PSpectRe)
Cuspy V(ϕ)∼ϕ (LATTICEEASY)
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FIG. 2. Present gravitational-wave spectra for string axion
monodromy with asymptotic linear potential for m = 1.14×
10−19Mpl and M = 0.01Mpl (blue solid curve), and cuspy
potential with potential V ∼ |φ| for λ1 = 1.3 × 10−40. The
orange dotted curve is calculated by LATTICEEASY given
in [9] and the orange solid curve is calculated by PSpectRe.
IV. ASYMPTOTIC φ2/3 POTENTIAL
The asymptotic φ2/3 potential in axion monodromy
model [4, 5] is associated with a Lagrangian as follows
L(ψ) = −
√
1 +
(
ψ
ψc
)2
(∂ψ)2
2
− λM4pl
√1 + ( ψ
ψc
)2
− 1
 .(9)
It can be converted into a canonical form
L(φ) = − (∂φ)
2
2
− V (φ) (10)
by introducing a canonical field φ with
dφ =
[
1 +
(
ψ
ψc
)2]1/4
dψ. (11)
The potential goes like V (φ) = λM4plφ
2/2ψ2c for |ψ|/ψc 
1, and V (φ) = λM4pl(3φ/2ψc)
2/3 for |ψ|/ψc  1 (see
Fig. 3). This potential satisfies the “open up” condition
of oscillon formation [14, 15]. Hence the oscillons are ex-
pected to be generated copiously, and seeds a significant
gravitational-wave background. In the canonical frame,
one can see that φ(|ψ| = √2ψc) is the inflection points
of potential V (φ), or equivalently d2V/dφ2 < 0 when
|ψ| > √2ψc and d2V/dφ2 > 0 when |ψ| <
√
2ψc. Dif-
ferent from model with potential (7) in which the para-
metric resonance leads to the growth of fluctuations and
hence formation of oscillons, the tachyonic preheating
and tachyonic oscillations provide other mechanisms for
generating large inhomogeneities in model with potential
(9). In limit of ψc/Mpl  1, the potential in model (9)
is reduced to a cuspy form as follows
V (φ) = λ2M
10/3
pl φ
2/3. (12)
Such a cusp may also trigger copious oscillon formation
and gravitational-wave production [9, 10].
V(ϕ)
FIG. 3. Asymptotic φ2/3 potential in axion monodromy
(blue) and cuspy φ2/3 potential (orange).
In our lattice simulations, parameters in the asymp-
totic φ2/3 potential are λ = 3.54 × 10−14 and ψc =
0.01Mpl, and the coupling in cuspy φ
2/3 potential is
λ2 = 1.0× 10−12, such that potential terms in large field
region are the same in these two models. The initial val-
ues of inflaton field and its derivative are determined to
be φi = 0.5Mpl and φ˙i = −4.5× 10−7M2pl for both mod-
els by evolving the background scaler field from slow-roll
region. Similar to the case of asymptotic linear poten-
tial, we also rescale the model parameters to match the
sensitive frequency of LIGO.
Our results are illustrated in Fig. 4. The blue solid
curve is the present gravitational-wave spectrum for the
asymptotic φ2/3 potential in axion monodromy model
with parameter λ rescaled to λ = 3.54× 10−42. The or-
ange solid curve corresponds to the present gravitational-
wave spectrum for the cuspy φ2/3 potential with param-
eter λ2 rescaled to λ2 = 1.0 × 10−40. Again there are
only one significant peak in the gravitational-wave spec-
trum for both the axion monodromy potential and cuspy
potential.
V. SUMMARY AND DISCUSSION
To summarize, we simulate the production of stochas-
tic gravitational-wave background from axion mon-
4Axion monodromy
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FIG. 4. Present gravitational wave spectra for string axion
monodromy with asymptotic φ2/3 potential for λ = 3.54 ×
10−42 and ψc = 0.01Mpl (blue solid curve), and cuspy poten-
tial with potential V ∼ φ2/3 for λ2 = 1.0 × 10−40 (orange
solid curve).
odromy inflation during preheating based on pseudo-
spectral algorithm. We find that significant productions
of stochastic gravitational-wave background with single
peak during preheating for the asymptotic |φ| and φ2/3
potentials in axion monodromy inflation and cuspy po-
tentials. Different from most of works simulating scalar
field evolution and gravitational waves production during
preheating in which the finite differencing method was
used, our simulations use Fourier-space pseudo-spectral
method which is free of differencing noise and has ex-
cellent spatial resolution. Results from finite differ-
encing method and pseudo-spectral method have sim-
ilar peak frequency and spectrum magnitude, but the
details of peak structure are different. Different from
the results simulated by using finite differencing method
for the cuspy potentials in [9, 10], we obtain signifi-
cant single-peak gravitational-wave spectra by adopting
pseudo-spectral method for string axion monodromy po-
tentials and cuspy potentials.
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